MATH 108 Winter 2019 - Problem Set 6

due March 1

. Prove that each function is a bijection.
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(b) f:N; x Ny — N defined by f(z,y) =212y — 1).
(c) f:7Z/8Z — Z/8Z defined by f(Z) = bx — 1.

(a) f:(2,00) = (=00, —1) defined by f(z) = —

. For postive integers n and m, let [n] = {1,2,...,n} and [m| ={1,2,...,m}.

(a) Let A be the set of all functions from [n] to [m]. Compute |A| in terms of n and m.

(b) Let B be the set of all bijective functions from [n] to [m]|. Compute |B| in terms of
n and m.

(c) Let C be the set of all injective functions from [n] to [m]. Compute |C| in terms of
n and m.

. Let A and B be finite sets with |A| = |B|, and let f: A — B.

(a) Prove that if f is injective, then f is surjective.

(b) Prove that if f is surjective, then f is injective.

. Let A be a finite set and B be an infinite set with A C B. Prove that B\ A is infinite.

. For each infinite set, determine if it is countable or uncountable. Then prove your answer.

(a) The set of prime numbers.
(b) N1 X Nl X Nl-
(d) The set of all finite-length binary strings, | J;~ {0, 1}". (This is the set of all possible

computer files.)

. Let N§° denote the set of all infinite sequences of nonnegative integers,
Ng° = {(a1,aq2,as,...) | a1,as,as,... € No}.

Let A be the subset of Ni° consisting of all sequences that have only a finite number of
nonzero entries. Prove that A is countable by finding a bijection between N; and A.

[Hint: For each n € Ny, use the prime factorization of n to produce a sequence in A.]



